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Abstract: it has been empirically observed that the principles of utility theory are frequently violated when making decisions in risky environ-
ments. This led to the formulation of the prospect theory, in which, besides taking into account the different consideration of gains and losses
(losses loom larger than gains) as well as the risk posture of decision-makers (risk aversion for gains and risk seeking for losses), the certainty
effect is framed. According to such effect, decision makers tend to underestimate payments that are merely probable, compared to those that
are obtained with certainty. Allais showed the irrationality that occurs in decision making in this context. On the other hand, to make risky
decisions it is necessary to know how probabilities work. An experimental study was designed to determine the relationships between risk
aversion, certainty effect, and basic knowledge of probability theory. In this study it was verified, using a formulation based on the Allais
paradox, that those who have more knowledge of the principles of probability show greater aversion to risk. However, the fact of incurring in
the certainty effect is a circumstance that is not significantly affected by such knowledge.
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Resumen: se ha observado empiricamente que la violacién de los principios de la teorfa de la utilidad se produce con frecuencia en la toma de
decisiones en entornos de riesgo. Esto llevé a la formulacién de la teorfa de las perspectivas en la que, ademds de tener en cuenta la diferente
consideracién de las pérdidas y las ganancias, asi como la postura ante el riesgo de los decisores, mostrando aversién por el riesgo en las ganancias
y amor por el riesgo en las pérdidas, se enmarca el efecto certeza. Segtin el efecto certeza, los decisores tienen tendencia a infravalorar los pagos
que son meramente probables, en comparacién con aquellos que se obtienen con certeza. Allais mostré la irracionalidad que se produce en la
toma de decisiones en este contexto. Por otro lado, para tomar decisiones arriesgadas, es necesario conocer cémo funcionan las probabilidades.
Con el objetivo de determinar las relaciones existentes entre la aversion al riesgo, el efecto certeza y el conocimiento bdsico de la teorfa de las
probabilidades, se diseiié un estudio experimental en el que se constatd, utilizando una formulacién basada en la paradoja de Allais, que quienes
tienen mayores conocimientos de los principios de la probabilidad muestran una mayor aversién al riesgo, pero el hecho de incurrir en el efecto
certeza, sin embargo, es una circunstancia que no se ve afectada significativamente por dicho conocimiento.
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de las perspectivas.
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The theory of expected utility, developed by Von
Neumann and Morgenstern (1944), has been con-
sidered through decades as the regulatory model
of rational choice in economic decision making in
the presence of risk, assuming that the behavior
of people would observe its axioms. Thereby,
according to this model, the expected utility that
an individual would get when facing a lottery
would be calculated as the sum of the utilities
of the different payments, multiplied by their
corresponding probabilities, such that the deci-
sion maker would select the alternative with the
highest expected utility. However, this statement
was questioned since the formulation of the St.
Petersburg paradox (Bernouilli, 1738), translated
to English here (Bernouilli, 1954), since, among
other reasons, it entailed an enormous difficulty
to reasonably value those circumstances in which
a particular event would offer an extremely high
payment that could be obtained with an extre-
mely small probability.

On the other hand, in front of the reiterated
evidence found in decision-making processes ob-
served in numerous empirical studies, in which
those who have to conduct them systematically
violate the principles on which the expected utility
theory is based, it is easy to find in the specialized
literature different models that have been devel-
oped in the attempt to get closer to the reality of
the decisions made by individuals (Machina, 1987;
Camerer, 1989; Tversky and Kahneman, 1992). The
model that has had a greater impact, because it
explains the main violations of the expected util-
ity theory in contexts of selection with risk, is the
prospect theory model (Kahneman and Tversky,
1979; Tversky and Kahneman, 1986; Tversky and
Kahneman, 1992), up to the point that the 1979
paper by both authors is the most-cited one in
the field of business and economy (Merig6 et al.,
2016). Indeed, the aforementioned St. Petersburg
paradox has been reconsidered in light of prospect
theory (Rieger and Wang, 2006).

Prospect theory

Prospect theory has been well studied and
revised (Bendickson et al., 2017), and has been
recognized as the descriptive theory of decision
making in front of the most relevant risk at pre-
sent (Barberis, 2013; Starmer, 2000; Wakker, 2010).
This theory has been applied in very different
fields of decision making (Holmes et al., 2011),
such as in the analysis of decisions in real estate
markets (Buisson, 2016), bets (Bouchouicha and
Vieiden, 2017), insurance (Schmidt, 2016), pro-
fitability of shares by dividends (Barberis et al.,
2016), decision making related to migrating or
remain living at the same place (Morrison and
Clark, 2016; Clark and Lisowski, 2017), decisions
about betting or not in different periods, in a
dynamic context (Ebert and Strack, 2015), deci-
sions about what amount of shares to optimally
keep, making reference to the known “newspa-
per seller problem” (Long and Nasiry, 2015), the
effects of bankruptcy laws on corporate aspira-
tions (Estrin ef al., 2017), agricultural insurance
coverage (Babcock, 2015), aspects related to the
volatility and low profitability of investments
(Bhootra and Hur, 2015), decisions about carr-
ying out military actions (Niv-Solomon, 2016),
international relations between countries (Feng
and He, 2017; Stein, 2017), the assumption of risks
by politicians (Linde and Vis, 2017), decisions
made in the sports sector, concretely in American
football (Bendickson et al., 2017), the prediction
of sport results (Pérez-Martinez and Rodriguez-
Ferndndez, 2022), and portfolio optimization
(Grishina et al., 2017), among others.

In contrast with what occurs in the expected
utility theory, in which the aversion or love to risk
are solely determined by the profitability function
of the individual, several additional factors come
into play in prospect theory that affect the decision
making process, beyond individual aspects such as
the personality of decision-makers (Chadvez-San-
tana et al., 2021; Lopez et al., 2023) and other psy-
chological variables that also have influence on
decision making domains, such as game theory
(Lopez et al., 2022). Indeed, in prospect theory, the
utility function would be concave with respect to
the reference point in the case of earnings, while it
would be convex with respect to that same point
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in the case of incurring losses. Thus, in the case of
earnings as well in the case of losses, the impact
of any change will be smaller when we are farther
from the initial reference point (there is a decreas-
ing sensitivity in front of the effects of a particular
monetary variation experienced).

On the other hand, according to this mod-
el the slope of the function in the case of losses
would be larger than in the case of earnings, thus
indicating the existence of an aversion to losses;
consequently, an asymmetry is observed as the
loss of a particular amount of money has a larg-
er impact on the utility level of the individual
than an equivalent earning. At last, the utility is
calculated using the monetary earnings or losses
experienced, and not the final situation in which
the individuals are when these earnings or losses
are obtained, as it occurs in the expected utility
theory (Tversky and Kahnemann, 1991).

Allais paradox and the certainty effect

The absence of linearity in the preferences that is
collected from the statements by Kahneman and

p—

520000 p; = 0,61

o

P, = 0,39

pum—

520000 p; = 0,98

0 p, = 0,02

—

For these two situations represented, in which
either alternative A or alternative B should be cho-
sen in the first occasion, and C or D in the second,
most people chose the 520,000 lottery in the first
dilemma (earn 520,000 with a probability of 0.61
compared to earning 500,000 with a probability
of 0.63), while they choose alternative D in the di-
lemma of the lower part (choosing to earn 500,000
with certainty instead of earning 520,000 with a
probability of 0.98). In this manner, the utility the-

Vs.

Tversky was revealed several decades ago, in the
middle of the past century. Indeed, Allais (1953)
empirically showed in a scientific congress that
the difference between probabilities of 99 % and
100 % have a larger impact on the preferences of
the individuals than the difference between, for
instance, 10 % and 11 % probability.

In the same line of the conclusions extracted
by Maurice Allais, Kahneman and Tversky (1979)
stated that decision-makers have a trend to under-
estimate the payments that are merely probable
compared to those that are obtained with certain-
ty; they called this “certainty effect”. This trend
contributes to the appearance of behaviors that
exhibit aversion to risk in cases in which there is
the possibility of obtaining a sure payment, while
it would cause love for the risk in those other situa-
tions in which there are possibilities of sure losses.

The problem that Kahneman (2011) uses to
illustrate, in a simplified manner, the dilemmas
that enable to explain Allais paradox could be
represented as follows:

500000 p; =0,63
B=
0 p, = 0,37
VS, D= 500000

ory is being violated, since the probability increase
of 0.37 in the alternatives of the lower part with
respect to the upper part would favor alternative
C more than alternative D, because it increases the
possibility of obtaining 520,000 in the first case, and
of obtaining 500,000 in the second case. Therefore,
a “certainty effect” occurs, according to which the
results that are obtained almost with certainty are
assigned a lower value than the one that would
be justified by its probability.
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Using the criterion of maximizing the expect-
ed monetary value, it is calculated and compared
for each alternative:

VEM(A) = 520000 x 0,61 + 0 x 0,39 = 317200
VEM(B) = 500000 x 0,63 + 0 x 0,37 = 315000
VEM(C) = 520000 x 0,98 + 0 x 0,02 = 509600
VEM(D) = 500000

Therefore, EMV(A) > EMV(B) and EMV(C) >
EMV (D)

The decision maker should, in this case,
choose alternative A and alternative C instead
of B and D, respectively. Nevertheless, there is
no interest in comparing the expected earnings
of the different alternatives, but the utility that
the individual receives from such earnings.

Indeed, according to the Von Neuman-Mor-
genstern utility functions, if it is assumed that
an individual prefers the first alternative instead
of the second in the first decision problem, it is
obtained that:

0,61 x u(520) > 0,63 x u(500)

On the other hand, in the case of a monotoni-
cally increasing utility function, it is evident that:

0,37 x u(520) = 0,37 x u(500)

Adding the two sides of the previous inequal-
ities, it should hold that:

0,98 x u(520) > 1 x u(500)

Therefore, if a decision-maker chooses A in-
stead of B, he/she should choose C instead of D.

In other words, alternative C should be cho-
sen instead of alternative D, regardless if the
decision-maker shows aversion or love for risk.
Someone that chooses alternatives A and D would
be violating the principles of expected utility;
there is no utility function compatible with both

decisions. Therefore, this would be an irrational
decision. Indeed, Daniel Kahneman acknowledg-
es that one of the first objectives proposed when
he started to work with Amos Tversky, was to
find an appropriate psychological explanation
of why Allais paradox is produced (Kahneman,
2011) and why, to this day, different versions of
the Allais paradox are still used to study and
analyze decision making of individuals in risk
situations (Berlinger, 2015; Bruhin et al., 2022).

As stated by Thaler (2016), people choose
among different alternatives based on a set of ex-
pectations about the consequences of their deci-
sions, as well as on different exogenous factors that
may determine how all these variables will evolve
in the future. In addition, economists traditionally
assumed that such beliefs were free of biases and,
at present, this idea is not generally shared; this
can be seen in the existing literature, part of which
has been referenced in the previous subsection.

Indeed, as pointed out by Slovic and Tversky
(1974), in front of the observation and empirical
confirmation of the violation of the axioms of
rational decision theory, many decision theorists
considered that those events should be treated as
judgement errors due to oversights, absence of
appropriate incentives, or simply errors in the
understanding of the problems stated. However,
the existence of numerous heuristics and cogni-
tive biases in the behavior of individuals when
making economic decisions in risk or uncertain
environments has been profusely studied, as well
as the contributions from economic psychology
or behavioral economics, analyzing the existence
of framing effect, provision effect, anchoring ef-
fect, possibility effect, certainty effect, etc., that
have come to enrich knowledge about how such
decision making process occurs and what factors
affect such behavior.

On the other hand, there are very recent
empirical studies which demonstrate that the
preferences of individuals are not given in an
immovable manner, but they are constructed on
the go influenced by the context of decision mak-
ing, and their recent experience in such context
(Kusev et al., 2020, 2022). Delving deeper in this
line, this study will introduce a consideration
that has not been generally contemplated in the
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existing literature, which consists in finding the
relationship that may exist between the level of
understanding that the individuals have about
the probability of occurrence of a particular event,
with the stance that these individuals have in
front of risk in situations favorable for the ap-
pearance of the certainty effect.

Indeed, basic mathematical knowledge about
probabilities, which is often assumed in the afore-
mentioned studies, seems to be relevant when
someone faces a decision problem in which dif-
ferent results may be obtained based on particular
events that may occur with a specific probability,
such that the lack of knowledge of these basic
principles of probability might somehow influ-
ence their decisions. Thus, even being aware that
there are many different variables that influence
decision making of individuals, the objective is to
better understand the reasons that lead to differ-
ent attitudes towards the risk, incorporating this
new variable, i.e., the basic knowledge or lack of
knowledge of the probability of occurrence of a
particular event.

In the context of the XXVI Jornada Internacional
de Investigacion de la Universidad Pedagégica y
Tecnolégica de Colombia, an experimental study
was conducted in which a decision problem was

First problem of selection between two alternatives

posed to the audience, as was done by Maurice Allis
in Paris during a meeting to discuss about risk eco-
nomy attended by economists such as Samuelson,
Arrow, Friedman or the statistician Jimmie Savage.
The problem was posed both to those who atten-
ded in-person and those who followed it remotely
through virtual media, to minimize the possible
bias that might appear as a result of the commu-
nication between participants when responding
the questions. It was obtained 149 responses to the
designed questionnaire, in which no information
was requested that would enable to identify the
respondents, so that they could respond freely and
with absolute confidentiality.

After seeing the graphical representation
of the problem shown in figure 1 in the ques-
tionnaire that they filled out, respondents had
to choose between alternatives A and B based
on their preferences. These alternatives would
enable them to hypothetically obtain payments
according to the following statement:

Imagine that you face a game as the one shown in
the image. If you choose alternative A, you will earn
520,000 with a probability of 0.61 and will earn
nothing with a probability of 0.39. Conversely, if
you choose alternative B, you will earn 500,000 with
a probability of 0.63 and will earn nothing with a
probability of 0.37. Indicate below which alternative
would you choose.

520000

200000
063

037 0
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With the purpose of knowing the degree of
understanding that the participants in the study
had about the probabilities of random events, the
following problem was posed:

Imagine that a ball is randomly drawn from a bag
that contains 50 red balls and 50 white balls. The

Red and white balls

color of the ball drawn is registered, the ball is placed
back in the bag, and the process is repeated up to 7
times. Indicate which of the following sequences you
consider that is most probable to occur.

The sequences to which the statement makes
reference are shown in figure 2.

9000000

0000000
L 10l IOl 10

9000000

The possible responses presented in the ques-
tionnaire, according to the sequences shown in
the image, were the following:

e red, red, red, red, red, red, red

e white, white, white, white, white, white,
white

e red, white, red, white, red, white, red
e red, red, white, red, white, white, red

e all the above sequences have the same
probability

The correct response is the last one, since all

Second problem of selection bet

sequences have the same probability (1/128).

Afterwards, the participants in the study had
to respond what alternative they would choose
when the probabilities of obtaining the payments
of the initial decision problem were modified,
according to the problem represented in figure 3,
which corresponded to the following statement:

Imagine that you face a game as the one shown in
the image. If you choose alternative A, you will earn
520,000 with a probability of 0.98 and will earn
nothing with a probability of 0.02. Conversely, if
you choose alternative B, you will earn 500,000
with certainty. Indicate below which alternative
would you choose.

520000

500000
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When considering the responses given to both
decision problems, the situation examined cor-
responds to the statement of “Allais paradox”,
and attempts to show the inconsistency exhibited
by some individuals in decision making, which
leads them to violate the expected utility theory.

Indeed, a person who chooses alternative A
in the first problem “should” also choose it in the
second. This is the case because, in the second
problem, the probability of obtaining a payment
of 520,000 in alternative A has increased 37 % with
respect to the initial problem, while in alterna-
tive B the probability of obtaining a payment of
500,000 has also increased 37 %.

Response to the decision problems

44%

The other three possible combinations of re-
sponses that were obtained are the following;:

e AC(9 %) correspond to people attracted by
the possibility of obtaining the highest pay-
ment of 520,000, and are consistent in their
selections in the sense that they choose A
in the first problem and also in the second.

e BC(17 %) correspond to people that show
aversion to risk in the first statement be-
cause they choose the alternative with the
smaller expected earning, but in which the
probability of earning nothing is lower.

Therefore, the expected earning of alternative
Ahas increased 192,400, while the expected earn-
ing of alternative B has only increased 185,000; if
alternative A is chosen in the first problem, with
more reason it should be chosen in the second
problem based on “economic rationality”.

The 30 % of the participants in the study (see
figure 4) incurred in the situation of underestimat-
ing the results that are merely probable compared
with the results that are obtained with certainty,
responding A and D in the two decision problems
stated.

9%

30%

17%

However, these people are attracted by
the probability very close to 1 of obtaining
the highest payment (520,000) in the sec-
ond problem. It could be interpreted that
initially both alternatives were very close
to each other in the rating of the individu-
al, with a slight advantage for alternative
B, but the improvement experienced in
the payment when going from alternative
A to alternative C, which is greater than
the one experienced when going from B
to D, has imbalanced the scale in favor of
the first alternative.
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e BD (44 %) are people that show aversion
to risk in both problems, choosing always
the alternative with the higher probability
of obtaining a payment.

Regarding the question that pursued to know
to what extent the participants in the study had a
basic knowledge of probabilities, only 50.34 % of
the responses issued were correct, with the failures
being distributed almost evenly among those who
thought that the most likely sequence was alter-
nating colors (red, white, red, white, red, etc.) and
those who considered that the most likely sequence
is “red, red, white, red, white, white, red”. It is not
hard to explain that the responses of a rather high
percentage of people were both erroneous.

In the first case, since the color of each ball
drawn may be red or white with equal proba-
bility, people may think that after drawing a ball
of a particular color, red for instance, the follow-
ing ball drawn “should be” white, and hence the
subsequent should be red and then white and so
forth, without realizing that the events are inde-
pendent and that the experiment corresponds to
a drawing with replacement; hence, at each stage

the probability of each color is equal to 0.5. On
the other hand, in the second case the sequence
does not follow any concrete pattern that may be
easily recognized, and thus people may assume
that it has a higher probability of occurrence than
the others in which a clear sorting can be indeed
observed. That is an error, because such specific
sequence has the same probability of occurrence
than, for instance, all balls drawn of the same
color or alternating colors.

Now, the following analysis question arises
given these data: is there any relationship between
the people that responded correctly (or erroneous-
ly) to the question of red and white balls, and the
responses given in the Allais paradox problem? To
carry out this analysis, a graph has been made that
shows the percentage of people that responded
correctly to the question of red and white balls,
relating it with the responses given in the Allais
paradox problem. Thus, before relating these re-
sults with the ones obtained in the decision prob-
lem, a significant difference of correct responses is
already seen in favor of those who responded BD,
with 60 %, which is much greater than those who
responded AC (35.71 %) and BC (40 %).

Percentage of correct responses to the question of probability estimation according to the groups of

the Allais experiment

46,67%

35,71%

AC AD

Over the course of history, it has been studied
how individuals make economic decisions when

60%

40%

BC BD

they face the problem of choosing among different
alternatives, in which the results that they may
obtain depend on different circumstances, which
can have associated a probability of occurrence.
The criterion of maximization of the monetary
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expected value, which consists in choosing the
alternative that has the greatest expected earnings
after performing a weighted sum of the different
payments multiplied by their corresponding pro-
babilities, was surpassed when it was considered
the stance in front of the risk using the utility
functions (Von Neuman-Morgenstern, 1944).

However, many situations kept arising in
which decision-makers systematically violated
the utility theory principles. Thus, there is a wide
consensus to admit that the fact of varying the
way in which problems are presented (for exam-
ple, in terms of earnings or losses), systematically
leads to the expression of different preferences;
this has been called the “framing effect”. Similar-
ly, although in the economic analysis of decisions
in risk and uncertain environments it is generally
assumed the existence of risk aversion, there are
circumstances in which decision-makers show
love for the risk. For instance, this occurs when
buying lottery. In the lottery, there is negligible
probability of obtaining a very high prize, but
if the monetary expected value of the lottery
is calculated, by adding all possible payments
multiplied by the probability of obtaining each
of them (including the possibility of earning
nothing), it is obviously obtained a result that
is substantially lower than the price paid. It was
also observed love for the risk, when there is an
obligation to choose between incurring in a sure
loss and obtaining a loss even greater, not certain,
but that can occur with a high probability. The
possibility of being able to avoid such loss, even
with a very low probability, may result attractive
if it is compared with the alternative of having a
loss with certainty.

As it was demonstrated by Allais (1953) and
has been explained in this paper, the existence of
nonlinear preferences is another of the circum-
stances in which inconsistencies appear in the
behavior of individuals in the process of making
economic decisions, leading them to act in a way
that can be described as “irrational” according
to the postulates of utility theory. The existence
of the certainty effect, which was suggested by
Allais and which is explained in the prospect
theory developed by Kahneman and Tversky
(1992), is behind this irrationality.

As has been mentioned above, the probabil-
ity of occurrence of the different events is a fun-
damental factor for decision making. Thus, it is
assumed that the results that may be obtained
as a consequence of the decisions made among
different alternatives, will be conditioned by such
probabilities. This involves some knowledge
about probabilities, not the ones that affect the
problem addressed, but the concept of probability
in general. Otherwise, the aforementioned irratio-
nalities would have an additional source based
on the lack of knowledge or on the confusion.

Analyzing the data provided in the results sec-
tion, it could be observed that the group of people
that made selections in which they showed to be
affected by the certainty effect in a clearer man-
ner, i.e., those who responded alternative A and
alternative D successively for the two decision
problems that were stated, have a percentage of
success in the question regarding probability (the
one of the red and white balls) that is very close
to the mean: 46.67 compared to 49.66. Therefore,
based on the data of this study it is not possible to
conclude that there is a relationship between the
two events. Nevertheless, it should be remarked
the percentage of people (60 %) that selected al-
ternatives B and D in the Allais paradox prob-
lems (choosing those lotteries in which they had
a larger probability of winning, even when the
payment was smaller than the one offered by the
other alternative, thus showing aversion to risk)
and who simultaneously responded correctly to
the question related to probabilities estimation
(indicating that all sequences presented had the
same probability of occurrence). Indeed, this
percentage is 50 % greater than the correspond-
ing to those who responded B and C to the two
questions, and almost 70 % greater of those who
chose alternative A in the first question and C in
the second.

In the absence of more studies that verify the
results with larger samples and considering ad-
ditional factors, from the data of this work it may
be concluded that there is a positive relationship
between the appropriate understanding of the
probabilities of occurrence of particular events
with the fact of showing a greater level of risk
aversion. Conversely, as the knowledge about
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how probabilities work is smaller, it is more likely
that individuals make risky decisions in which
they may obtain losses that are rather high. In
any context of decision making (public admin-
istration, corporate or particular private admin-
istration), it is necessary to understand which
are the factors that affect people when they face
situations of decision under risk or uncertainty,
since results will partially depend on them. This
study points out the convenience of reinforcing
the mathematical study of probabilities, so that
individuals are capable of making economic de-
cisions (for instance, investment decisions) that
are not penalized by the possibility of incurring
in high risks as a consequence of a limited knowl-
edge of probability theory.
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